ABSTRACT. In 1997, Kulli and Janakiram [4] defined the split dominating set: a dominating set S of vertices in a graph G = (V, E) is called split dominating if the induced subgraph V \ S is either disconnected or a K 1 . In this paper we introduce the properties split independence and split irredundance. A set S of vertices in a graph G = (V, E) is called a split independent set if S is independent and the induced subgraph V \ S is either disconnected or a K 1 . A set S of vertices in a graph G = (V, E) is called a split irredundant set if for u ∈ S, u has a private neighbor with respect to V (S) and the induced subgraph V \ S is either disconnected or a K 1 .
INTRODUCTION
Since the introduction of domination and the domination number, numerous papers have been written concerning its relationship with other graph properties, such as independence and irredundance.
A set of vertices D ⊆ V (G) is a dominating set of graph G, if for every vertex v ∈ V \ D there is a vertex u ∈ D such that uv ∈ E(G). A set of vertices S ⊆ V (G) is an independent set of G, if the induced subgraph S has no edges. A set of vertices S ⊆ V (G) is an irredundant set if for every vertex v ∈ S, there is a vertex u ∈ V (G) such that u ∈ N [S] but u / ∈ N [S \ {v}], that is, v has its own private neighbor with respect to set S.
Each of these properties has two associated parameters. The well-known parameters are the following: -Domination number: γ(G) = min{|S| : S is a dominating set}, -Upper domination number: -Upper irredundant number: IR(G) = max{|S| : S is an irredundant set} Relating these parameters, Cockayne et al. [3] in 1978 defined the domination inequality chain:
This domination chain has given rise to many interesting research results. In this paper we connect these domination related parameters with the connectivity of graphs and investigate analogous chain relating domination and connectivity.
Two key concepts associated with these properties are the concepts hereditary and superhereditary. Definition 1. We say a property P is hereditary if, for all sets S that satisfy P , every set S ⊆ S also satisfies P . Definition 2. We say a property P is superhereditary if, for all sets S that satisfy P , every set S ⊇ S also satisfies P .
In addition, Definition 3. Let S be a set satisfying a property P.
• The set S is minimal with respect to P if no subset S ⊆ S satisfies P.
• The set S is maximal with respect to P if no superset S ⊇ S satisfies P.
• The set S is 1-minimal with respect to P if for any v ∈ S, S \ {v} does not satisfy P.
• The set S is 1-maximal with respect to P if for any v / ∈ S, S ∪ {v} does not satisfy P.
In general, 1-minimal property is not necessarily a minimal property on a set S and 1-maximal property is not necessarily a maximal property on a set S. However, the following are well known [7] . Proposition 1. If the property P on a set S is superhereditary, then P is minimal if and only if P is 1-minimal. Proposition 2. If the property P on a set S is hereditary, then P is maximal if and only if P is 1-maximal.
In 1997, Kulli and Janakiram [4] considered the relationship between the property domination and the property connectivity, which is neither hereditary nor superhereditary.
Definition 4.
A vertex cut set is a set of vertices S ⊆ V (G) such that G \ S is either a K 1 or a disconnected graph. The connectivity k(G) of a graph G is the size of the smallest vertex cut set of graph G.
Kulli and Janakiram combined the concepts of domination and connectivity to form the definition of a split dominating set. Given a graph G with no isolate vertices, a dominating set S ⊆ V (G) is a split dominating set if the induced subgraph V \ S is either disconnected or a K 1 . In 2000, Kulli and Jankariam continued their work and introduced nonsplit domination [5] and in 2005, strong split domination [6] . Furthering this work, Chelvam and Chellathurai [2] found bounds on the parameters of both split and nonsplit domination and discovered the relationship between these parameters. In 2010, Bibi and Selvakumar [1] combined the inverse dominating set and a split domination set, resulting in the inverse split domination set. Given a minimal dominating set D, if V \ D contains a dominating set D , D is called an inverse split dominating set. In this paper, we combine the concept of connectivity with the properties independence and irredundance.
SPLIT DOMINATION
For the rest of this paper, let G be a finite, undirected, connected graph that does not contain loops or multiple edges.
Definition 5. (Kulli and Janakiram
[4]) A dominating set S ⊆ V (G) is a split dominating set if the induced subgraph V \ S is either disconnected or a K 1 .
Definition 6. [4]
A split dominating set S is a minimal split dominating set if (1) every vertex v ∈ S has a private neighbor with respect to S or (2) for every vertex v ∈ S, the induced graph (V \ S) ∪ {u} is connected.
• γ s (G) = min{|S| : S is a split dominating set} is the split domination number, and • Γ s (G) = max{|S| : S is a minimal split dominating set} is the upper split domination number.
Some known inequalities and bounds that are of interest are the following:
INDEPENDENCE AND SPLIT DOMINATION
In this section, we combine the properties independence and connectivity.
Definition 8. A set S is a split independent set if (1) S is independent and (2) the induced graph V \ S is either disconnected or a K 1 .
First, we note that a split independent set is not necessarily split dominating. Consider a path P n , n ≥ 4. This path can be disconnected by the removal of one vertex, but that one vertex is not a dominating set. We also note that not every graph contains a split independent set. For example, a complete graph K n and a wheel W n , n ≥ 3 do not contain a split independent set. More generally, Proposition 3. A 2-tree graph G = (V, E) does not contain a split independent set.
Proof. Let G = (V, E) be a 2-tree graph. Then in order to disconnect the graph, one must at least disconnect a K 3 . To disconnect a K 3 , that is to have a K 1 , two vertices must be removed; however, these vertices are adjacent.
Definition 9. A maximal split independent set S is a split independent set such that for any v ∈ V \ S at least one of the following is true:
(1) S ∪ {v} is not independent, i.e. S is an independent dominating set (2) the induced graph V − {S ∪ {v}} is connected.
Definition 10. Let G = (V, E) be a graph. Then • i s (G) = min{|S| : S is a maximal split independent set} is the lower split independent number, and • β s (G) = max{|S| : S is a maximal split independent set} is the split independent number.
Lemma 1. If a split independent set exists for graph G = (V, E), then a maximal split independent set S for G is a minimal split dominating set.
Proof. Let S be a maximal split independent set. We will first show that S is a dominating set. Clearly, v ∈ S is dominated, so we will consider v ∈ V \ S.
Then {v}∪S is an independent set, but it cannot be a vertex-cut set; otherwise, it would contradict the maximality of S. So, V \ {{v} ∪ S} is connected. We have two cases to consider
• Case 1: v is an isolate. In our scenario, G has no isolates.
• Case 2: v is not an isolate. If v is not an isolate, then v lies in the neighborhood of a vertex u not in S. Hence, eliminating v in addition to the set S from the set of vertices would not create a connected graph, that is V \ {{v} ∪ S} is disconnected. As {v} ∪ S is independent and a vertex-cut set, {v} ∪ S is a split indpendent set, which contradicts the maximality of S. So, v must be dominated by S and as a result, S is a dominating set, more specifically a split dominating set. Now we want to show that S is a minimal split dominating set. Suppose S is not minimal split dominating set. Then there is a vertex v ∈ S such that S \ {v} is split dominating and hence v is dominated by S which is a contradiction to the independence of S.
Proposition 4. For a graph G,
Proof. It follows from Lemma 1.
IRREDUNDANCE AND SPLIT DOMINATION
We now consider the property of irredundance with the concept of connectivity.
Definition 11. A split irredundant set is a set S such that (1) for u ∈ S, u has a private neighbor with respect to V (S) and (2) the induced graph V \ S is either disconnected or a K 1 .
Similar to a split independent set, a split irredundant set is not necessarily a split dominating set nor does it exist in every situation. In Figure 4 .1, the set {u 1 , u 2 , u 3 } is a split irredundant set, but it is not a split dominating set. As with split independent sets, a split irredundant set does not exist for wheels W n and complete graphs K n , n ≥ 3.
FIGURE 4.1. In the figure above, {u 1 , u 2 , u 3 } is a maximal split irredundant set; however, it is not a split dominating set.
Definition 12. A maximal split irredundant set S is a split irredundant set such that for every v ∈ V \ S one of the following holds true:
(1) v does not have a private neighbor with respect to V (S ∪ {v}) or (2) the induced graph V \ {S ∪ v} is connected Definition 13. Let G = (V, E) be a graph. Then • ir s (G) = min{|S| : S is a maximal split irredundant set} is the lower split irredundance number, and • IR s (G) = max{|S| : S is a maximal split irredundant set} is the upper split irredundance number Lemma 2. If a split irredundant set is defined for G, then a minimal split dominating set S is a maximal split irredundant set.
Proof. Suppose S is a minimal split dominating set. Then for u ∈ S either (1) S \ {u} is not dominating or (2) the induced graph (V \ S) ∪ {u} is connected. Clearly, S is then split irredundant. We now want to show S is a maximal split irredundant set, that is, for v ∈ V \ S (1) v does not have a private neighbor with respect to V (S ∪ {v}) or (2) V \ {S ∪ v} is connected. Let v be an arbitrary vertex in V \ S. Since S is a minimal split dominating set, v ∈ N [S] and hence, S ∪ {v} is not irredundant. As a result, S is a maximal split irredundant set.
Proposition 5. For a graph G,
Proof. It follows from Lemma 2.
ANALOG TO THE DOMINATION CHAIN AND PROPERTIES OF PARAMETERS
Analogous to the domination chain, we have the following: Theorem 1. The split dominating chain holds for graph G when both the split independent set and split irredundant set exist: Example 2. For a path P n ,
Example 3. For a cycle C n ,
The connectivity of a graph, k(G), provides us with a lower bound for all of the parameters:
Proof. Follows from the definitions. (1) every vertex v has a private neighbor with respect to S or (2) for v ∈ S, the induced graph (V \ S) ∪ {u} is disconnected or a K 1 .
Definition 16. Let G = (V, E) be a graph. Then • γ ns (G) = min{|S| : S is a nonsplit dominating set} is the nonsplit domination number, and • Γ ns (G) = max{|S| : S is a minimal nonsplit dominating set} is the upper nonsplit domination number.
We will briefly consider the concept of nonsplit with that of independence and irredundance and the associated parameters.
Definition 17. A set S is a nonsplit independent set if (1) S is independent and (2) the induced graph V \ S is connected.
Definition 18. A maximal nonsplit independent set S is a nonsplit independent set such that for any v ∈ V \ S one of the following is true (1) S ∪ {v} is not independent, i.e. S is an independent dominating set (2) the induced graph V − {S ∪ {v}} is disconnected or a K 1 .
Definition 19. Let G = (V, E) be a graph. Then • i ns (G) = min{|S| : S is a maximal nonsplit independent set} is the lower nonsplit independent number, and • β ns (G) = max{|S| : S is a maximal nonsplit independent set} is the nonsplit independent number.
Definition 20. A nonsplit irredundant set is a set S such that (1) for u ∈ S, u has a private neighbor with respect to V (S) and (2) the induced graph V \ S is connected.
Definition 21. A maximal nonsplit irredundant set S is a nonsplit irredundant set such that for every v ∈ V \ S one of the following holds true (1) v does not have a private neighbor with respect to V (S ∪ {v}) or (2) the induced graph V \ {S ∪ v} is disconnected or a K 1 .
Definition 22. Let G = (V, E) be a graph. Then • ir ns (G) = min{|S| : S is a maximal nonsplit irredundant set} is the lower nonsplit irredundance number, and • IR ns (G) = max{|S| : S is a maximal nonsplit irredundant set} is the upper nonsplit irredundance number.
We note that there is no direct relationship between the parameters of nonsplit domination, irredundance, and independence for any generic graph.
Example 4. For a path P n , γ ns (P n ) = Γ ns (P n ) = n − 2 i ns (P n ) = β ns (P n ) = 2 ir ns (P n ) = IR ns (P n ) = 2
In the case of a path P n , n ≥ 5, the maximal nonsplit independent set is not a nonsplit dominating set. For a cycle C n , γ ns (C n ) = Γ ns (C n ) = n − 2 i ns (P n ) = β ns (P n ) = 1 ir ns (P n ) = IR ns (P n ) = 2
In the case of a cycle C n , n ≥ 4, the maximal nonsplit independent set is not a nonsplit dominating set. For a wheel W n , γ ns (W n ) = 1; Γ ns (W n ) = Γ(C n ) i ns (W n ) = 1; β ns (W n ) = β(C n ) ir ns (W n ) = 1; IR ns (W n ) = IR(C n )
For a complete bipartite graph K m,n , 2 ≤ m ≤ n, γ ns (K m,n ) = Γ ns (K m,n ) = 2 i ns (K m,n ) = m − 1, β ns (K m,n ) = n − 1 ir ns (K m,n ) = 2, IR ns (K m,n ) = n − 1
OPEN PROBLEMS
In the future, we would like to consider the relationship between the nonsplit parameters, the split parameters and the original parameters, i, β, γ, Γ, ir, and Ir. In addition, we would like to find better bounds for the parameters introduced in this paper.
